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Abstract

Generalized Linear Bandits (GLBs) are powerful extensions to the Linear Bandit (LB) setting,
broadening the benefits of reward parametrization beyond linearity. In this paper we study GLBs
in non-stationary environments, characterized by a general metric of non-stationarity known as
the variation-budget or parameter-drift, denoted B. While previous attempts have been made to
extend LB algorithms to this setting, they overlook a salient feature of GLBs which flaws their
results. In this work, we introduce a new algorithm that addresses this difficulty. We prove that it
enjoys a @(dQ/ 3371/ 12/ 3) regret-bound, matching (up to logarithmic factors) the minimax lower-
bound established for LB. At the core of our contribution is a generalization of the projection step
introduced in Filippi et al. (2010), adapted to the non-stationary nature of the problem. Our analysis
sheds light on central mechanisms inherited from the setting by explicitly splitting the treatment of
the learning and tracking aspects of the problem.

Keywords: Stochastic Bandits, Generalized Linear Model, Non-Stationarity.

Introduction

Linear Bandits and non-stationarity. = The Linear Bandit (LB) framework has proven to be an
important paradigm for sequential decision making under uncertainty. It notably extends the Multi-
Arm Bandit (MAB) framework to address the exploration-exploitation dilemma when the arm-set is
large (potentially infinite) or changing over time. While the LB has now been extensively studied
(Dani et al., 2008; Rusmevichientong and Tsitsiklis, 2010; Abbasi-Yadkori et al., 2011; Abeille
and Lazaric, 2017) in its original formulation, a recent strand of research studies its adaptation to
non-stationary environments. Notable are the contributions of Cheung et al. (2019b); Russac et al.
(2019); Zhao et al. (2020) which prove that under appropriate algorithmic changes, existing LB
concepts can be leveraged to handle a drift of the reward model. Aside their theoretical interests,
these results further anchor the spectrum of potential applications of the LB framework to real-world
problems, where non-stationarity is commonplace.

* Equal contribution.

(© 2021 L. Faury, Y. Russac, M. Abeille & C. Calauzénes.
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Extensions to Generalized Linear Bandits. Perhaps the main limitation of LB resides in its
inability to model specific (e.g binary, discrete) rewards. One axis of research to operate beyond
linearity was initiated with the introduction of Generalized Linear Bandit (GLBs) by Filippi et al.
(2010). This framework allows to handle rewards which (in expectation) can be expressed as a
generalized linear model. Notable members of this family are the logistic and Poisson models. Given
the remarkable importance and widespread use of such models in practice, ensuring their resilience
to non-stationarity stands as a crucial missing piece. At first glance, as the analysis of GLBs mainly
relies on tools from the LB literature, one could expect this demonstration to be straight-forward,
and almost anecdotal. As a matter of fact, the treatment of GLBs in non-stationary environments
was already proposed as a direct extension of non-stationary LB algorithms ((Cheung et al., 2019a,
Section 8.3) and (Zhao et al., 2020, Section 5.2)). However, as recently pointed out by Russac
et al. (2020a), some crucial subtleties of the GLBs flaw the analysis and negates the validity of such
extensions. An answer to this issue was brought by Russac et al. (2020a) who proposed a valid
analysis for GLBs in non-stationary environments. However, their investigation is restricted to a
specific kind of non-stationarity known as abrupt changes, leaving the treatment of the superior
parameter-drift case for future work. To the best of our knowledge, a correct derivation of GLBs’
behavior under this more general description of non-stationarity is still missing.

Scope and contributions. We focus in this paper on closing this gap. Our main contribution is
(1) the design of BVD-GLM-UCB (Algorithm 1), the first GLB algorithm resilient to parameter-drift
and matching the minimax rates of non-stationary LB (Theorem 1). This result relies on (2) a
generalization of the projection step of Filippi et al. (2010) to non-stationary environments, of similar
complexity than its stationary counterpart (Proposition 1). Our analysis (3) sheds light on some
salient mechanisms of non-stationary bandits.

1. Preliminaries

We consider in this work the stochastic contextual bandit setting under parameter-drift. The environ-
ment starts by picking a sequence of parameters {0 }9°;. A repeated game then begins between the
environment and an agent. At each round ¢, the environment presents the agent with a set of actions
X (potentially contextual, large or even infinite). The agent selects an action x; € A} and receives a
(stochastic) reward r¢ 1. In this paper we work under the fundamental assumption that there exists a
structural relationship between actions and their associated reward in the form of:

E [re1 | Fooxe] = p (4, 65)) - (1)

The filtration F; := o({xs, Ts+1}i;ﬁ) represents the information acquired at round ¢, and p is a
strictly increasing, continuously differentiable real-valued function most often referred to as the
inverse link function. Notable instances of such a problem include the logistic bandit and the Poisson
bandit. The goal of the agent is to minimize the cumulative pseudo-regret:

T
Ry =3 n((al,00) — (e, 01)) where o, = arg max p((z, 61)) .
=1 TeXy
We make the following assumption common in the study of parametric bandits:

Assumption 1 (Bounded decision set) Forallt > 1, the following holds true: HHi < S. Further,

the actions have bounded norms: ||z||y < L for all x € X;.

I
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Assumption 2 (Bounded reward) There exists 0 > 05.t 0 < r; < 20 holds almost surely.

We will denote © = {6, ||0||, < S} the set of admissible parameters and X' = {z, ||z||, < L}. We
assume that the quantities L, S and o are known to the agent. The true parameters {6%}5°, are
unknown, and their drift is quantified by the variation variation-budget, which characterizes the
magnitude of the non-stationarity in the environment:

T-1
Br.= Y 05—l
t=1

Naturally Br, is unknown. For the sake of simplicity and to isolate the main contribution of this
paper (i.e minimax-optimality in non-stationary GLBs), we will make the following assumption.

Assumption 3 (Variation-budget upper-bound) B7 is a known quantity such that By > Br .

This assumption is common in non-stationary bandits (Besbes et al., 2014; Cheung et al., 2019a;
Zhao et al., 2020). We will show in Section 3.4 how to bypass it with little to no impact on the regret.
For a given inverse link function p, we will follow the notation from Filippi et al. (2010) and denote:

k,= sup [({z,0)), c, = inf p((x,0)), R, =k,/c, .

b= s i), = b (@0), = e

As in the stationary setting, learning can be canonically performed through the quasi-maximum
likelihood principle, albeit with adequate modifications. Let b be a primitive of x. Thanks to the strict
increasing nature of the latter, b is a strictly convex function. Let A > 0 and for y € (0, 1) define':

t—1

no_ . t—1—s
0 = aregegllim;'Y [b({xs,0)) — Tsy1(ws, )] + 9

e
Sk )

which is well-defined and unique as the minimizer of a strictly convex and coercive function. Further:

t—1
g(0) == Z’yt_l_su(<x5, 0))xs + A, 0.
s=1
Finally, we will use Vy := 22;11 i 1=sper ] + Ng and Vi = 22;11 2= g 2T 4+ Ng.

2. Related work: limitations and challenges

2.1. GLBs and non-stationary LB

GLBs were first introduced by Filippi et al. (2010) who studied optimistic algorithms which enjoy a
O(R,,dv/T) regret upper-bound, later refined for K -arms problem to O(R,,/dlog(K)T) (Li et al.,
2017). These findings were extended to randomized algorithms, both in the frequentist (Abeille and
Lazaric, 2017) and Bayesian setting (Russo and Van Roy, 2014; Dong and Van Roy, 2018). GLBs
also received an increasing attention targeted at improving their practical implementations (Jun et al.,
2017; Dumitrascu et al., 2018).

1. We follow Russac et al. (2019) and use an exponential moving-average strategy. Our contribution is not specific to this
approach and can easily be extended to other alternatives, e.g the sliding window.
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The effects of parameter-drift were first studied in the MAB setting by Besbes et al. (2014) who
for I-arm MAB achieved a dynamic regret bound of O(KY/ 3B:1F/ 372/3). Such results were recently
extended to the stochastic LB: Cheung et al. (2019b) developed dynamic policies by resorting
to a sliding-window, Russac et al. (2019) introduced a similar approach based on an exponential
moving average, and Zhao et al. (2020) advocated for a simpler restart-based solution. All three
aforementioned approaches enjoy regret bounds of the form O(d?/ 3B;‘F/ 372/3), matching the lower-
bound of Cheung et al. (2019a) up to logarithmic factors. Under the more specific assumption of
abruptly-changing environments (also known as switching or piece-wise stationary bandits), regret
bounds have been refined to O (\/I‘TT) in the MAB setting (Garivier and Moulines, 2011), where
I'r is an upper bound on the number of switches.

2.2. Toward non-stationary GLBs: limitations

On the limits of piece-wise stationarity. To the best of our knowledge, the first valid analysis of
non-stationary GLBs was conducted by Russac et al. (2020a). However, their work is restricted to
piece-wise stationary environments, characterized by the number I'r of switches of the reward signal.
On the practical side, this drastically narrows down the non-stationary scenarios that can be efficiently
addressed, as the measure I'r can grossly overestimate the importance of the non-stationarity. In
such case, any algorithm based on this measure will be sub-optimal and discard too fast previous
data, quickly judged uninformative since the level of non-stationarity is expected to be high. This is
typically the case in environments with many switches of small amplitude, characteristic of smooth
drifts (e.g user-fatigue in recommender systems). On the theoretical side, this approach tells us little
about the difficulties and challenges brought by the non-stationarity, as it relies on the fact that far
enough from a switch, the environment is stationary. On the contrary, the variation-budget metric
B introduced and discussed in Besbes et al. (2014, Section 2), allows for much finer considerations.
It stands as a powerful characterization of the non-stationarity, measuring the number of switches
and their amplitude jointly. As a result, it can efficiently cover different scenarios, from drifting
to piece-wise stationary environments. An adequate treatment of GLBs under this superior metric
is therefore a crucial missing piece, and requires a sensibly different analysis and an appropriate
algorithmic design.

Parameter-drift and GLBs: flaws of previous approaches. Most of the existing non-stationary
LB algorithms address the parameter-drift setting and their extension to GLBs was at first considered
as relatively straight-forward (Cheung et al., 2019a; Zhao et al., 2020). Unfortunately, existing
analyses suffer from important caveats because they overlook a crucial feature of GLBs. Following
Filippi et al. (2010), they rely on a linearization of the reward function around 0;. Naturally, the linear
approximation must accurately describe the effective behavior of the reward signal (characterized by
the ground-truth #%). From Assumption 2, this translates in the structural constraint 6, € ©, which is
implicitly assumed to hold in previous attempts. Unfortunately, there exists no proof guaranteeing
that 6; € © could hold. Even worse, existing deviation bounds (Abbasi-Yadkori et al., 2011, Theorem
1) rather suggest that in some directions, even in the stationary case, 0, can grow to be y/log(t) far
from O! The situation is even worse under non-stationarity since, as we shall see, 6, can be B, far
from ©. This flaw in the analysis is critical and cannot be easily fixed without severely degrading the
regret guarantee. When 6, ¢ ©, this impacts the ratio R,, which captures the degree of non-linearity
of the inverse link function. For the highly non-linear logistic function, easy computations show
that R, > eST If we were to inflate the radius of the admissible set © from S to S + dg (so that it
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contains ), the estimated non-linearity of the reward function would be even stronger and 2, would
be multiplied by a factor /s | Because the regret bound scales linearly with R,,, this exponential
growth would lead to prohibitively deficient performance guarantees.

Remark 1 The fact that ét can leave the admissible set © is not merely a theoretical construction
inherited from potentially loose deviation bounds. As highlighted in Figure 2(b), we can see in our
numerical simulations that this often happens in practice when the environment is non-stationary.

2.3. Non-stationary GLBs: challenges

In their seminal work, Filippi et al. (2010) countered the aforementioned difficulty by introducing a
projection step, mapping 9t back to an admissible parameter 6, € ©. Formally, they compute:

6, = aregelgin Hgt(G) — gt(ét)HVt_I (P0O)

and use 0; to predict the performance of the available actions. The projection step (P0) essentially
incorporates the prior knowledge 6, € © (Assumption 2) without degrading the learning guarantees
of the maximum likelihood estimator. This strategy was also leveraged by Russac et al. (2020a),
which was made possible thanks to their piece-wise stationarity assumption.

The situation is different in our setting, as the parameter-drift framework allows the sequence
{Hi} to change at every round. This introduces (1) the need to characterize two phenomenons of
different nature that we will designate as learning and tracking. The former (learning) is linked to the
deviation of the maximum-likelihood estimator ét from its noiseless counterpart 0, (the estimator that
one would have obtained if one could have averaged an infinite number of realization of the trajectory).
The later (tracking) measures the deviation of §; from the current 6%, due to an incompressible error
inherited from the drifting nature of the sequence {63}!_,. The learning and tracking mechanisms
are both sources of deviation of ét away from ©, each under a different metric. This leads to (2)
a tension in the design of the projection as this requires to incorporate the knowledge {6} € O,
without degrading neither the learning nor the tracking guarantees. This rules out the projection step
(P0), oblivious to the tracking aspect of the problem and which needs to be generalized to adapt to
the two sources of deviation (i.e learning and tracking).

3. Algorithm and regret bound
3.1. Algorithm

This section is dedicated to the description of the design of our new algorithm BVD-GLM-UCB. It
operates in two steps: (Step 1) the computation of an appropriate admissible parameter 6, € O (to
be used for predicting the rewards associated with the actions x € A} available at round ¢) and (Step
2) the construction of a suitable exploration bonus to compensate for prediction errors.

The first step builds on the following set, linked to the deviation incurred through the learning
process:

E)(0) := {H’GRdstHgt gt@)HVt_lﬁﬁt((s)}a 3)

where [3;(0) is a slowly-increasing function of time (to be defined later) and § € (0, 1].
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Figure 1: Illustration of the different parameters of interest. As stated by Lemma 2 and Lemma 4,
the deviations (67 « Qt) and (f; <+ 6%) are linked to the parameter-drift B;. On the other
hand, the deviations (Gt & 0;) and (6; < 07) are characterized by the stochastic nature of
the problem.

Step 1. We start by identifying an intermediary parameter 67, solution of the following con-
strained optimization program (ties can be broken arbitrarily):

67 € arg min {Hgt(Q) — gt(ét)H L steONnEg (o) # Q)} . (P1)
OcRd \L

The optimization program (P1) is well-posed as it consists in minimizing a smooth function over

a non-empty compact set”. Once 67 is computed, the algorithm simply chooses any parameter

6 cON £)(67). An efficient procedure to find such a parameter is detailed in Section 3.3. The

different parameters of interest for BVD-GLM-UCB are illustrated in Figure 1.

Remark 2 Notice the difference with the projection step used in the stationary case. In our case it is
possible that £ 5(0,5) (which is the confidence set centered at 01; ) does not intersect the admissible set
©. Our strategy for finding 0y is then to compute an appropriate vibration E)(OF) of & (9,5) which
does intersect ©, while minimizing the deviation between 0 and 6, according to a metric related to
the tracking error (through the map g, and the squared inverse of the design matrix).

Step 2. The exploration bonus at round ¢ for a given arm = € &} is defined as by(xz) =
2Ruﬁt(5)||$||vt—1, where § € (0, 1] and:

B1(8) = VAc,S + oy 21og(1/8) + d1 14 P=7)

=Vac o 0 0 —_— ] .

t " i SV M)

BVD-GLM-UCB then follows an optimistic strategy, boosting the predicted reward associated with
f; by b and plays z; € argmax,. x, 1((z, 0:)) + bi(x). The pseudo-code is summarized in
Algorithm 1.

2. Notice that {0 5.t © N &7 () # 0} always contains 04, while the compactness is inherited from ©.
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Algorithm 1 BVD-GLM-UCRB
Input. regularization A, confidence §, inverse link function p, weight ~y, constants S, L and o.
Initialization. Compute 12, let V1 < AI; and él < 0g4.
fort > 1do
Find 67 by solving (P1) and select 6, € © N Y (67).
Play z; < argmax,cy, u((z,0;)) + QRHBt((S)”I'HV;L

Observe reward 741, update ét+1 by solving Equation (2).
Update design matrix: Vi1 ¢ 7Vy + zpz] + (1 — )M 4q.
end for

3.2. Regret bound
We provide in Theorem 1 a high-probability bound on the regret of BVD-GLM—-UCB.

Theorem 1 Under Assumptions 1-2-3, setting v = 1 — (B /(dT'))?/3 ensures that the regret of
BVD-GLM-UCB satisfies:

R = O (Ru®PB°T)  whp

A few comments are in order. First, we note that the upper-bound on R7 matches the asymptotical
rates of the LB lower-bound under parameter drift (Cheung et al., 2019a, Theorem 1). Second, one
can notice the presence in the bound of the ratio R,,, typical of the linearization approach performed
to analyze GLBs. The bound presented in Theorem 1 is therefore quite natural and extends the work
of Filippi et al. (2010) to non-stationary worlds. We emphasize that if the result seems unsurprising,
it required a substantially different machinery, both for the design of the algorithm and its analysis.
We highlight this last point in Section 4, dedicated at providing a comprehensive sketch of proof for
Theorem 1. The complete and detailed proof is deferred to Section B in the supplementary material.

3.3. Solving the projection step

The optimization program (P1) and the subsequent search of a valid parameter 6; can raise some
legitimate concerns regarding the ease of practical implementation. Indeed, the feasible set of (P1)
is given by {0 s.t. © N E)(0) # 0}, where £ () is defined in (3). Hence, the associated constraint
is implicit as it involves an additional non-convex minimization program. As a result, it makes the
constraint uneasy to manipulate and even hard to check. The same difficulty arises when searching
for B; € © N EY (A7) where 67 is a solution of (P1), due to the non-convexity of the set £’ (67). The
following proposition provides an alternative that avoids those difficulties.

Proposition 1 Let 0, be such that:

0 : = 5
( ;,) € argmin {Hgt(Q’) +,3t(5)V3/277 —gt(Qt)H , st HH’H2 < S nlly < 1} . (P2)
up ¢’ eRd peRd Vi

It exists 67 solution of (P1) such that §; € © N EY(AP).

Proposition 1 shows that a valid 6, can be found by solving (P2), bypassing the need to compute
67. Essentially, the initial two-steps procedure to find 6; (through the intermediary program (P1)) is
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replaced by a single minimization program augmented with a slack variable 7. The attentive reader
may notice that (P2) is now similar to (P0), the projection step employed in Filippi et al. (2010). As a
result, BVD-GLM-UCB is comparable to the original algorithm GLM-UCB in terms of computational
burden. The proof of Proposition 1 is given in Section C in the appendix.

3.4. Online estimation of the variation-budget

Motivation. The attentive reader may notice that the minimax-optimality of BVD-GLM-UCB is
conditioned on the knowledge of an upper-bound By for the true parameter-drift B ,. Naturally,
the tighter this upper-bound, the better the performance. Yet, whether such a knowledge is available
in real-life problems is, to say the least, questionable. This issue is not specific to our approach
but is shared with all non-stationary parametric bandit methods - see for instance (Cheung et al.,
2019b; Zhao et al., 2020). For linear bandits, previous approaches circumvented this drawback with
a Bandit-over-Bandit strategy (Cheung et al., 2019a, Section 7), where By, is learned online by
a master algorithm. This guarantees an expected regret scaling as O (dz/ 3311{ ST2/3 4 gL /23l 4)
(Cheung et al., 2019a, Theorem 4) without having the knowledge of Bt ,. We however note that
this technique was specialized for linear bandits and for the sliding-window strategy. As hinted in
the introduction one could easily design a sliding-window approach of BVD-GLM~-UCB (using very
similar arguments as the ones displayed in this paper) and extend the Bandit-over-Bandit of Cheung
et al. (2019a) to the GLB framework. Here, we follow a different path and introduce an equivalent
method for the exponential-weighting strategy. To the best of our knowledge, this technique was
missing in the non-stationary parametric bandit literature. It notably proves that the online learning
of B, can be efficiently performed under discounted strategies.

Bandit-over-Bandit for discounted strategies. Notice that naive bounding gives By, € (0,25T].
The main idea for learning By, online is to grid on a log-scale the interval (0,257 with N values
{Br; }j\le We then create IV instances of BVD-GLM-UCB, each set with a different discount factor:

L BT,j 2/3_17 9i—1
W= T T 25B3@2BTSB

These instances will be our experts. We then deploy a master algorithm - a version of EXP3 (Auer
et al., 2002), which acts repeatedly as follows: 1. it chooses an expert j (i.e a new instance of
BVD-GLM-UCB with parameter ;) to interact with the environment during a time frame of length H
(H is a positive integer). 2. The master algorithm then observes the cumulative reward (aggregated
on the time frame) of the expert j. We give the pseudo-algorithm of this procedure in Algorithm 2.
Informally, the idea is that EXP3 will learn to select the best performing ~y; associated with the
best estimate B ; of Br .. Intuitively, this should guarantee small regret as EXP3 will mostly play
instances of BVD-GLM-UCB which nearly capture the true magnitude of the non-stationarity. This
intuition is made rigorous in Theorem 2, whose proof is deferred to Section E in the appendix.

Theorem 2 Under Assumptions 1-2, the regret of BOB~BVD—~GLM~UCB when setting H = |dv/T |
satisfies:

2 1/3
E[RT] =0 (Rud2/3T2/3 max (BT7*,CZ_1/2T1/4> / ) ‘
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Algorithm 2 BOB-BVD-GLM-UCB (a more detailed version is deferred to Appendix E.2).

Input. Length H, time horizon 7', regularization A, confidence 4, inverse link function p, constants
S,L and o. _
Initialization. Let N < [21log,(2ST%2)] and H « {v; = 1 — m}ﬁiv initialize
EXP3 with action set indexed by H.
fori=1,...,[T/H] do

J < action selected by EXP3.

Initialize a sub-routine BVD—GLM-UCB with parameter ;.

fort=1,...,Hdo

Play with BVD-GLM-UCB with parameter y;, observe reward 7.

end for

Update EXP3 with reward Zfi L T4l
end for

Essentially, we obtain a regret bound which is identical to the ones of the Bandit-over-Bandit
algorithms of Cheung et al. (2019a) and Zhao et al. (2020). The conclusions are therefore of similar
nature: namely, when B, > d—1/2T1/4 we obtain a minimax rate, without knowing Br . Again,
note here the presence of the problem-dependant constant I?,,, inherited from the non-linear reward
structure imposed in GLBs.

4. Proof sketch

In this section, we detail the key steps of the proof of Theorem 1. In particular, we shed light on the
tension between the learning and tracking aspects of the problem and their role in the choice of the
estimator 6, through the use of an appropriate projection step.

Learning versus tracking. A crucial feature of non-stationary GLBs lies in the singular nature of
the deviation of 6; from 6L. This arises from two fundamentally different mechanisms: learning and
tracking. We introduce the following estimator, which allows for a clean-cut distinction between the
two phenomenons:

t—1

_ A

f; := arg min {} I b, 0)) — o (s 82)) (s, )] + 52 6 - HiHi} L@
PERL s=1

The parameter 6; is the minimizer of a strictly convex and coercive function, thus is well-defined and
unique. Intuitively, 0, would be the estimator obtained under a perfect (e.g noiseless) observation
of the reward?. As a result, the deviation between ét and 0; is solely due to the stochastic nature of
the problem (learning). On the other hand, the deviation between ; and 6 is a consequence of the
unpredictable changes of the sequence {62} (tracking). The introduction of the reference point 6;
allows us to characterize both deviations separately in Lemma 1 and Lemma 2.

Lemma 1 [Learning] Let § € (0, 1]. With probability at least 1 — §:

forallt >1, 0, € &0, = {9 eR% st Hgt(ﬁ) — g+(6))

g < &(6)}-

3. Note the difference between ét and 0;, where the rewards r¢+1 are replaced by their conditional expected values
p((zs,05))
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Lemma 1 ensures that with high probability the set 8{5 (ét) is a confidence set for §;. A complete
proof of this result is deferred to Section A.1 in the supplementary material.

Lemma 2 [Tracking] Let D € N*. The following holds:

A 2k, L2S
I8 — 0y = 25 07 ok, S oz — ),
s=t—D

Lemma 2 effectively links the deviation of 0, from Gi to the variation-budget By through the
drift Z «—t—D Hﬁf — gstt H2 The proof of this result borrows tools from Russac et al. (2019) and
is deferred to Section A.3 in the supplementary material. The integer D appearing in Lemma 2 is
introduced for the sake of the analysis only. It allows to treat separately old and recent observations.
We provide its optimal value later in this section.

Remark 3 Behind the statement of Lemma 1 and Lemma 2 hides the main reason why the projection
step of Filippi et al. (2010) needs to be generalized. Indeed, it appears that the deviations (Gt < 0y)
and (0; + 0) are controlled through different metrics ( V L and Vt , respectively). Projecting
according to the first metric would corrupt the control of the second deviation, and conversely.

Regret decomposition and prediction error. To bound the instantaneous regret at round ¢, we
rely on the prediction error A; defined as follows for any arm x € A}:

() = | ((@,0) = (2. 02)) |

The next Lemma ties the cumulative pseudo-regret to the sum of prediction errors. This derivation
is classical and the proof is deferred to Section B.1 in the supplementary material.

Lemma 3 The following holds:

T T
Ry < QRMZBt(é) [thHVt—l - H$i||vt—1} + Z At fUt ‘|‘ At( )]
= t=1

Thanks to Lemma 3 we are left to characterize the prediction error As(z) for any x € X
Following Filippi et al. (2010), we rely on the mean-value theorem to ensure that it exists 9t € [975, 0t]
such that*:

Arfw) < ky (o, He0h) (9:(0) - 9:01)) ). )

where Hy(0) := Y71 f(zs, 0)) szl + Ac,lg. Since 6;,0! € ©, we obtain by convexity that
Ht € O and we can use the lower bound Ht(Gt) = ¢, Vi.

4. Formally, ; € [0;, 6%] means that there exists v € [0, 1] such that 6; = vf; + (1 — v)6%.

10
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Remark 4 [n this last inequality resides the mistake that was made in previous extension of Filippi
et al. (2010) to the non-stationary setting (Cheung et al., 2019a; Zhao et al., 2020). Indeed, if
the prediction error is measured at Ht, we are left with Ht [9}2, Ht] and Ht can lie outside of the
admissible set © (since Ot can). The lower-bound lmklng H; (9,5) and Vi would therefore not hold.
More precisely, and as detailed in Section 2.2, when 0, € [0, Gt] not much can be said on the link
between Ht(ét) and V¢ without severely degrading the final regret guarantees.

Adding and removing g:(0;) + g:(6”) + g;(6;) inside the inner-product in Equation (5), followed by
easy manipulations yields:
\7;1)
::Altearn (m)

+ Ry [l (Hgtwf) =00y + lon(@) - w(@i)l!v;z) ~

Ai(z) <R, quvgl <Hgt(9~t> - gt(ef)H\?;l + Hgt(ét) — g:(6y)

~~

::A‘t“":k(z)

Leveraging the projection step  We can now bound the terms Aleam (1) and Al (1) separately.
Lemma 1 along with the design ; € £ (67) leads to:

Al (z) < 2R, Hx||vt_1 Be(d) whp (6)

The first term in A (z) is kept under control by the specific design of the projection step (P1).
This is formalized in the following Lemma, whose proof is deferred to Section A.4 in the appendix.

Lemma 4 Under the event {0; € £ (0;)} the following holds:
19:(67) = 9100) 1y 2 < l|9¢(8:) — 9u(65)llyy-2

As a result, bounding A%k (1) reduces to bounding ||g.(0;) — gt(ei)HV;z. Combined with

Lemma 2, this result states that the deviation between 6% and 0, is characterized by B, the parameter-
drift up to round ¢, as illustrated in Figure 1. This leads to:

) 2k, L%S ’y
k s s
Atae (a;)§2RMHxH2< —— ;D |63 _9+1H2> w.h.p (7)

Putting everything together. Combining Equations (6) and (7) with Lemma 3 and the Elliptical
Lemma (Lemma 6 in the supplementary material) yields:

Rr < C1R,dT log(1/v) + CoR,v"T/(1 — ) + C3R,DBr w.h.p

where the constants C1, Cy and C3 hide log(7") multiplicative dependencies. A detailed proof of
this result is deferred to Section B.2 in the supplementary material. Setting the hyper-parameters
D =1log(T)/(1—v)andy =1 — (BT )2/3 concludes the proof of Theorem 1.
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dit algorithms under parameter-drift. The G 9t, 0,) for BVD-GLM-UCB. Note that
grey region indicates a smooth drift of §¢. in this non-stationary setting 0, ¢ O is

frequent.

Figure 2: Numerical simulations in a non-stationary logistic setting. For the first figure, results
are average over 50 independent runs and shaded areas represent one standard-deviation
variation.

5. Experiments

We illustrate in Figure 2 the behavior and performance of BVD-GLM-UCB with numerical sim-
ulations in a two-dimensional non-stationary logistic environment. Formally, we let 7441 ~
Bernoulli(u((x, 01))) where p(z) = (1 + e~#) ! is the logistic function. The sequence {6 };>1
evolves as follows: we let ¢ = (0,1) for t € [1,7/3]. Betweent = T/3 and t = 2T/3 we
smoothly rotate 6% from (0, 1) to (1,0). Finally we let 6! = (0,1) for t € [2T/3,T]. A thorough
description of the experimental setting can be found in Appendix F. We compare in Figure 2(a)
the four following algorithms: OFUL (Abbasi-Yadkori et al., 2011) (stationary, here mispecified),
GLM-UCB (Filippi et al., 2010) (stationary, here well-specified), D-LinUCB (Russac et al., 2019)
(an exponentially weighted LB algorithm, non-stationary but here mispecified) and BVD-GLM-UCB
(non-stationary, well-specified). For D-LinUCB and BVD-GLM-UCB we use the value of v rec-
ommended by the asymptotic analysis. This figure highlights the necessity to employ algorithms
that are well-specified; both GLM-UCB and BVD-GLM-UCB outperform their linear counterparts
(OFUL and D-LinUCB, respectively). Note that an appropriate treatment of non-stationarity is also
crucial to obtain small regret as for the considered horizon the two best performing algorithms are
D-LinUCB and BVD-GLM-UCB. The latter being well-specified and resilient to non-stationary, it
naturally performs best. In Figure 2(b) we highlight the fact that the projection step is necessary as,
in this non-stationary setting, 0, regularly leaves the admissible set ©.

Conclusion and future work

We highlight in this paper a central difficulty in the theoretical treatment of non-stationary GLBs,
overlooked in existing approaches and intimately linked to the non-linear nature of the reward function.

12
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To overcome this difficulty, we introduce a generalization of the projection step from (Filippi et al.,
2010), which allows to simultaneously track the non-stationary ground-truth while preserving the
learning guarantees of weighted maximum-likelihood strategies. This novel algorithmic design along
with a careful analysis proves that an order-optimal (w.r.t d, T and Br) regret-bound can be achieved
for GLBs under parameter-drift.

We underlined in Section 2.2 the problematic scaling of the problem-dependent constant R,,.
Consequent research efforts have recently been deployed to reduce its impact on regret-bounds,
both in the stationary (Faury et al., 2020; Abeille et al., 2020; Jun et al., 2020) and piece-wise
stationary (Russac et al., 2020b) settings. What is the optimal dependency w.r.t 7, in the more
general parameter-drift setting, and how it can be achieved are exciting open questions that we here
leave for future work.

Acknowledgements. The authors would like to thank the anonymous referees which insightful
and constructive comments helped improving the clarity of this manuscript. LF also thanks Olivier
Fercoq for his helpful observations regarding the derivation of the simplified projection step. YR
thanks Arnaud Buisson and Jianjun Yuan for fruitful discussion on the BOB framework and its
extension using discount factors.
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Organization of the appendix
The appendix is organized as follows:

e In Section A we provide some concentration results, along with a bound on the prediction
error A inherited from the design of the projection step.

e In Section B we link the prediction error A; to the regret Ry of BVD-GLM-UCB. We then
proceed to prove the bound on Ry announced in Theorem 1.

e In Section C we provide a proof for the equivalence of the optimization programs (P1) (along
with the computation of 6;) and (P2).

e Section D contains some secondary lemmas needed for the analysis, such as a version of the
Elliptical Lemma for weighted matrices.

e In Section E we provide a proof for the regret upper-bound of BOB-BVD-GLM-UCB claimed
in Theorem 2.

e Finally, in Section F we provide some details on our numerical simulations.

Appendix A. Concentration and predictions bound
A.1. Confidence sets
Lemma 1 [Learning] Let § € (0, 1]. With probability at least 1 — §:

foralt 121, 8 €160 = {0 € Rt 00) — 60, < 506) |
t
Proof Recall that:

E0(0) = {0 € R st 1l9:(0) = (@) Iy < B(6) }

where

Bi(8) = Ve, S + U\/Qlog(l/é) + dlog (1 + IM) .

Also, from the definition of 0; in Equation (4), by setting to 0 the differential of the convex objective
minimized by 6; we obtain that:

t—1

g1(0;) = Z Ai=sy, ((07,x5)) xs + )\c,ﬂi . 8
s=1

Further, for all s > 1, define

€s+1 = Ts+1 — p({05, 7s)) - ©)
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Let F, = o(x1,72,..,Ts—1,Ts, Ts), which compared to Fs includes the arm z;. Note that:

E [eﬁl(ﬁs} ~0 (Equation (1))
—u((07,xs)) <€st1 <20+ p((07,xs)) as (Assumption 2)

Therefore €51 is o-subGaussian conditionally on F,. Furthermore, by optimality of 0, differentiat-
ing the objective function in Equation (2) yields:

t—1
>y (B ) = o] @+ Aebe = 0
s=1
A t—1 t—1
© g:(0) =Y AT 05 ) ws + Y AT e (Equation (9))
s=1 s=1
R B t—1
& :(0r) = gu(00) + YA T Pesiizs — b, (Equation (8))  (10)
s=1
_ R t—1
< |lg:(0:) — gt(et)HV;l = th_l_sesﬂms - )\C;ﬂi
s=1 \7;1

Therefore since 62 € © and Vi = A4 we obtain:

t—1

t—1—s
E v €s4+1Ts

s=1

19¢(0¢) — gt(ét)H{/;l < \f)\cMS +

vt

Simplifying the factors v~! in the most right term and applying Proposition 1 of Russac et al. (2019)
proves that with probability at least 1 — §, forall ¢ > 1:

J90(60) = 900+ < VAcus + a\/2 og(1/8) + dog (1+ 52 ) = o).

hence proving the desired result. |

A.2. Bounding the prediction error

Lemma 5 Let ¢ € (0,1] and D € N*. With probability at least 1 — ¢: forall t > 1, forall x € X
the following holds.

ok AGLES AP 2L
Ai(z) < =LB0)||]|yy-2 +—E +—+ 0; =0,
¢() c (0)l HVt cuh (=) ¢y S;DH H2

16
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Proof In the following, we assume that the event E5 = {§; € £2(6;) for all t > 1} holds, which
happens with probability at least 1 — § (Lemma 1). From the definition of the prediction error:

Aulw) = |, 00) = wlw, 61))]

g( sup g«@9»>k%@—ﬂg (z € X0 € ©,0, € ©)

EX,0€O

<k, |(z,0,— 6
©w *

(by definition of k,,) (11)

Further, thanks to the mean value theorem:

( gtet Z,ytls

(Brs2s)) = (0% .))] + A (B: — 6L)

u0%41—w@+m@0d4xﬁy@—ﬂg+x%@,-@)

s=1 v=0
=Gy (6, —0), (12)
where:
t—1 1 -
G = ZVt_l_s [/ f (<$s’ (1—-v)d + U9t>> dv} zsx] + Aceyla = ¢, Vi .
s=1 v=0

Note that because x5 € X forall s € [t — 1] and ét, 9t € © we have Gy > ¢, V. Assembling
together Equations (11) and (12) we get:

|
< ku ’<$, Gy (g:(00) — gu(67) + gu(67) — 9e(00) + 91(0:) — :(0) + g1 (0) — gt(ai))>’
|

< k| (2. G (00(80) — 90(07) + 91(01) — 91(61)) )

=Alem (1)
+ ky ‘<x, Gt_l(gt(@f) - gt(ét) + gt(ét) - gt(ei))>’
=ATk ()
< AFT() + AP (). (1

This decomposition brings out the contribution of two different phenomenons (learning and
tracking) which will be handled separately. Starting with the learning:
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A () = Ky (.G 0r) = (67) + 90(6) — 9u(61))) |
= k| (VE2 G2 VR 001) — (6] >+gt<é> 9:(0)))]

< hullelgogarr (1960 — 9@l + 9:@) — 9@)llg+) - (Cauchy-Sehwar)

< hullellgrrveart (19060 = 9 g2 + l9u(Br) — 910 g+ (Ve < V)
= jﬁ;“w”ctl (Il9e(@) = 90(8))llg 2 + llgn(Be) = 9180 g (Ve < c'Gy)
< i:“wuvtl <Hgt<§t) — 9t + llg+(0¢) — gt(ét)’\{;;l) (Gt < 'Y
S Zj”fﬂnv;l (ﬁt(5) + llge(6e) — gt(gt)\lvt—l) (6, € £2(67))
< Zjllwllvt—l (B:(0) + B:(0)) . (E5 holds)

We used Vi < V; which is a consequence of v € (0, 1). As a result:
2k,

AP (@) < =L B(0) ey - (14)

Before bounding the tracking term, we state two technical lemmas that will be proven in Section A.3
and A.4, respectively.

Lemma 2 [Tracking] Let D € N*. The following holds:

) 2k, LS
llg¢(0¢) — gt(Hi)va < 3 7 _|_ ky, Z H(gs 05+1H2
s=t—D

Lemma 4 Under the event {0; € £)(0;)} the following holds:
19:6) — (@)l = < l91(@r) — (6D,
We now bound the tracking term:
APt (@) =k, | (2. G (u(8]) — 91(01) + 94(00) — 9,(61)))|

< kullzlly Hgt(ef) — g1(0r) + 91(0;) — g (6%) (Cauchy-Schwarz)

G;?
< k:,;L Hgt(Qf) — 9¢(01) + g1(6:) — 9. (6%) v (|||, < L, G¢ = ¢, Vi)
< 7L (Hgt(ef) - Qt(ét)HVt_Q + || g:(62) — gt(ei)HVt2> (Triangle inequality)
O A
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Thanks to Lemma 2, we finally obtain,

AR2L3S AP 2h2L N o e
e (1—7)+ cu Z 165 — 05 Hz (15)

s=t—D

A;rack ( x) <

Assembling Equations (13), (14) and (15) finishes the proof. |

A.3. Proof of Lemma 2
Lemma 2 [Tracking] Let D € N*. The following holds:

t—1
= 2k, LS ’y s s
llg:(6¢) — gt(ei)Hvt—z 1o +k, Z |6; — 6 +1H2
Y
s=t—D

Proof Thanks to Equation (8) we have:

t—1
gt(0r) = Z YIS (s, 05)) s + Ayt

s=1

= gt(et — g¢( Ht Z’Yt 1-s p({zs, 05)) — N((xwei))} Ts

& g(0;) — Z,yt 1-s [/ it ((zs,v0% + (1 — 0)65)) dv zsx) (05 —0Y) (mean-value theorem)

Aad gt<9t Z’)’t - fasxsT (98 Hi) s
where we defined:

1
Qg = / ft ({zs,v0% + (1 — 0)65)) dv € [cu, k] -

=0
Therefore:

lge(62) = ge(0) -2 = g (07 - 0))

A\

The rest of the proof follows the strategy of Russac et al. (2019) to yield the announced result. Let
D € N* and notice that:

t—D—1
Z’Yt Tragre (‘98 0.) < Z V1 g (98 0.)
V;2 s=1 V;2
=
t—1
+ Z A g (05 Hi)
s=t—D Vt_2
:=da
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Both terms are bounded separately; starting with dy:

t— 1

D—
dy < A7 Z Y gl (05 - 0L) (Vg > Mg)

—D—
<A™ Z Wt_1_5|0<s\ ’ sy (03 — 05) (Triangle inequality)

t—D—1
<2k, ATISLE YT 4t (lzslly < L, 07,05 € ©, Jas| < k)

< 2k, ATISLAP (1)L

And for ds:
t—1
dy = ||Vt Z L (e Gi)‘
s=t—D
_ Z V 1 t 1— Sasl's (05 91)
s=t—D
t—1
= Z Vi SozsxstZ(é’f—é’erl)‘ (Telescopic sum)
s=t—D p=s
- P
< Z Vi 1 Z Ve (0p 0p+1) (Re-arranging)
p=t—D s=t—D
- P
< Z vt Z VI S (Op Qfﬂ) (Triangle inequality)
p=t—D s=t—D
t—1 P
< Amax (th Z 7t_1 QsTsT )Hep 0£+1"'
p=t—D s=t—D
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Finishing the bound:
% 1/2 S 1/2
Amax (th Z ’yt_l_sasxsx;r> = Amax (Vt / ( Z vt_l_sasxsx;r> V, / )
s=t—D s=t—D
p
= max ! Vt_l/2 Z 'yt_l_sasxs:):STVt_l/Z x
l[zlly<1 se1—D
L 2
= max {3 4t (o] V)
llla<1 | 5=

2
< k, max A (:B;th_l/zx>
llzll<1 e D

p
= kyuAmax (Vt_l Z 7t15x5x8T> .
s=t—D

Easy computations show that Amax (Vg ' 3°0_, ,v' 1 7*z2]) < 1, which concludes the proof. B

A.4. Proof of Lemma 4
Lemma 4 Under the event {0; € E)(0;)} the following holds:

l90(67) — @)l < l90(Be) — (0% 1y = -

Proof We prove this result by contradiction. Assume that:

19:(67) = 90 = > ll¢(Be) — 9e(6) -2 (16)
For all s > 1 define:

For1 1= p({zs,0L)) + €541 , (17)
where {¢;} s is defined in Equation (9). Further, let:

t—1

. _1—s - Ac
O := argmin y 177 [b((6,25)) — Fara (0, 2:))] + 1013
(S — 2

which is well-defined as the minimizer of a strictly convex, coercive function. Upon differentiating
we get:
t—1

gt(gc) = Z'Yt_l_sfs—l-lxs

= Z Y ez + Z Y (s, 00)) s (Equation (17))
A ) t—1
= g:(0:) — g1(0r) + A0l + Zyt_l_s,u(@cs, 0L)) s (Equation (10))
s=1
= gt(ét) — gi(0r) + gu(6%) (13)
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Therefore:

lg¢(6c) — gt(ét)”v;2 = 1l9:(0) = 9:(0) =
< 119:(67) = 9t(60) = - (Equation 16)
Further from Equation (18) we get:
19:(0c) — gt(ei)”v;2 = [l9:(6:) — gt(ét)va
< B1(9) (0: € E(61))
s 0te &0, .
To sum-up, we have ||g:(6.) — gt(ét)HVt_z < [lgt(67) — gt(ét)Hvt_z and & (6.) N © # () since

0L coONn Ef (). This contradicts the definition of 67 (in (P1)) and therefore Equation (16) must be
wrong, which proves the announced result. |

Appendix B. Regret bound
B.1. Regret decomposition

Lemma 3 The following holds:
T

Ry < 2 Zﬂt [thval - ”@val} ) [Adla) + M)

“u i3 t=1

Proof We recall that 2!, = arg max, ¢y, 1((0%, z)). Note that:
T
Ry = ZH(@LGQ) — p((wt, 6%))
=D nl(al,60) — p((al, 0)) + p((2. 00)) — (2o, 00)) + (e, 6)) — p(ae, 6L))
T
pet 0] + 3 [ 8) — o0, 62))]

1 t=1
< 2 Zm [ A

S

+ i [ (xt,0L)) u((ﬁﬁﬁ)] + i [M(<xt70~t>) - M(<$t79i>)} :

t=1

Il
Mﬂ
1
=
—~
—~
8
%
2
=
|
=
&
vQ)z
N
.,
+
(]~
=
=
X
>
=
5

W
Il
MR
-
I

fu

In the last inequality, we used the fact that z; = argmax,cy {,u((x, 0,)) + %Bt(é)”l’”v—l }
t
Using the definition of At(x) we conclude that:

T
T<*Z/3t [thuvglmznvfhg [Ag() + Adal)] -

)
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B.2. Regret bound
We now claim Theorem 1, bounding the regret of BVD-GLM-UCB.
Theorem 1 Let 6 € (0,1] and D € N*. Under Assumptions 1 -2-3, with probability at least 1 — 0:

D

L2(1 — AT
RT S ClRH,BT((S)V dT\/TlOg(l/’}/) + log (1 + M) + CQR 7 T + CgR DBT

Further, setting v = 1 — (Br/(dT'))?/3 ensures:
~ [k
Rr=0 (“d2/3Bilp/3T2/3> w.h.p
Cu

Proof In the following, we assume that the event {; € £(6;),Vt > 1} holds, which happens with
probability at least 1 — § (Lemma 1). Thanks to Lemma 5, the following holds:

2k Ak AK2L3S 212 L
Ay(z) + —EB x _1<—“,8 Ti|y-1 + —— AP 05 — g5+t
lw) + L EO vz < TRl + S50 4 0 3 flor- e
2%k, . AR2L3S 2k2L A

Ag(al) = =2 D D G [

Be(@)lzillvx <
t(0) [l 2 cu M1 —7) (O

Assembling this result with Lemma 3 yields:

T 273 27 t-1
8I<: L°S 4k: L
Z Mﬁt ’xtHV 1+Z D+ CM Z 163 — 03],
t=1 B s=t—D
Rl;?am R?jrgck
We now bound each term separately. Starting with Rl}am:
4k d
Rlsam < ﬁﬂT(d) ZthHv;l (t — B¢(d) increasing)
4k
< —EBr(6)VT
Cu
4k det Vg
< C—:BT(é) V2T max(1, Lz/)\)\/dT log(1/v) + log <)\d+>
4k L?2(1 — AT
< = B1(8)\/2dT max(1, L2/\) 4 [T log(1/~) + log <1 + (H> . (Lemma 7)
Cu Ad(1 —7)
The bounding of the tracking term is straight-forward:
8Kk2L3S 4k2L =
Rtrack — © D © 95 93-{-1
T Cu)\(l—W) Cu ;S;DH Hz

8k2L3S 42 L
M D H

< y —+ DBT .
cuA(1—7) Cu

23

(Cauchy-Schwarz)

(Lemma 6)
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Assembling this two bounds (RITC"““ and REFCk) yields the first announced result, with the following
constants:

C1 = /32max(1, L2/)) .

8k, L3S
Cy = “A .
Cy = 4k, L .

The last part of the proof follows the asymptotic argument of Russac et al. (2019). We assume that
B is sub-linear and let:

log T Br\**
D=8 ) y=1-— =T .
1—7 dr
We therefore have the following asymptotic equivalences (omitting logarithmic dependencies):
Br(8)VdT/Tlog(1/~) ~ dT - <d;> = d*3 BT/
By —2/3 )
APT/(1 =) ~ exp(—log T)T <dT) = d?/3 B3 T2/
Br\ /? 2/3 o1/32):
DBr ~ Br | — = d*BB P13
T T < dT) d T
Merged with the regret-bound we just proved, this yields the second announced result. |

Appendix C. On the projection step
C.1. Equivalent minimization program
Recall the original minimization program for finding 6%
67 € arg min { Hgt(ﬂ) - gt(ét)HVﬂ stONEND) £ @} . (P1)
fcRd t

Note that this minimum exists (04 is feasible) and is indeed attained (the feasible set is compact and
the objective smooth). The following reformulation is motivated by the fact that only 6, € ©N £)(07)
is needed for the algorithm. To this end, we explicitly introduce 6, in the program via a slack variable.
Formally, we study:

() & argmin {0 - @)

0’cR4,0cRd

é ’
v st € & (O)N @} ) (P1’)

We also introduce the following program:

<9t> € argmin {Hgt(G’) + Bt(é){/':/zn — gt(ét)H Lo ste], < S il < 1} . (P2)
n 0’eRd neRd Vi

We claim and prove the following result, which is an equivalent reformulation of Proposition 1.
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Proposition 2 The programs (P1’) and (P2) are equivalent.

Proof The proof consists in building a bijection between the solutions of (P1’) and (P2). Let us
introduce the mapping:

f:OxR* 50O xR?

<y> <ff(( 3»)‘ <5t o)V ‘1/2fgt<y>—gt<x>>>

We now claim the following Lemma, which proof is deferred to Section C.2.

Lemma 1 The function:
gt 'Rd N Rd

Q%Z’yt 125 0((0, x5))xs + A,

is a bijection.

A straight-forward implication of this Lemma is the bijectivity of f. Let (51, 67) be a solution of

(P1’) and let:
6> o'
(o) = (o)

We are going to show that (02, 7)P) is a solution of (P2). Because (A', ) is optimal for (P1°), we
have that:

19:(67) = 906y -2 < 19:(8) — 9 (00) 2
V(0',0) e © xR¥st 0 € ()
& [19:(6%) = 900y -2 < 19:(0) = 9100y 2 (definition of £ (6))
(', 0) € © x R 5.t [|gu(60') — 9:(0)llg 1 < 5i(9)
& [19:(67) = 96y -2 < 19:(8) — e (00)lly 2
(

V(0,0) € © x RYs.t || f2(0/,0)]|, < 1
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Noticing that for all (z,y) € © x R? we have g;(y) = g;() + 5t(5)Vz/2f2(af, y) we therefore
obtain:

lge(8") + 5OV £2(8.67) — @)l < lau(®) + Bi(6)VL 2 (8. 6) — 5 (B0)lly -3

V(0',0) € © x Rs.t || f2(0/,0)]|, < 1

& 119:(8") + Bi OV 21 = 9u(00) v 2 < llge(0) + Bi(6) Ve 2 f2(6,6) — g1 6l 2
V(0',0) € © x R?s.t || f2(6/,0)], < 1

(
@
(
(
& 19:(0%) + B OV — g @)lly-2 < |9:(0) + 5 (0)VE 2 12(6'.0) — gu(B) 1y -2
(
(
(
(®)
(

V(0',0) € © x Rs.t || f2(6/,0)], < 1

& 119:(0%) + BuO)VE PP = gu(00) 2 < l9:(0") + Bu(5)VE* f2(0',0) = 91(01) |y 2
V(0',0) st || f2(0',0)], < 1,]|¢]|, < S

1/2

I
& [19:(6%) + BBV 0P = gu(00)lly = < [l9u(0') + Bu(G)VE*n = 9u(00) |y

V@mhtwm<1H9 <S

I
where we last used the fact that f> spans R? (surjectivity). Finally, we have that:
H52H2 <s (02 = ' € ©)
I, = B7(0) [lae(0”) — 0N, <1 (6" € £ (67))
t

Combining the last two results proves that (52, nP) is feasible for (P2), and optimal within the
feasible set. As a consequence, (6%, 7P) is a solution of (P2). Therefore, f is a bijection between the
minimizers of (P1”) and (P2), which concludes the proof. |

C.2. Bijectivity of g;

Lemma 2 The function:
gt R — R

9—>Z’yt =5 0((0, x5))xs + A,

is a bijection.

Proof Injectivity. Notice that V0 € R%:
Vog(0 Evt =5 0((0, xs))xsz] + Aeyda = 0 .
Hence Vyg is P.S.D, and a simple integral Taylor expansion is enough to prove injectivity.
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Surjectivity Let 2 € R%. Let A = Span(1, ..,z;—1) be the vectorial space spanned by {zs}'_%.
Let z; be the orthogonal projection of z on A and 2z = z — 2. Since z; € A, there exists

{as}' =] € R~ such that:

t—1
z| = g QsTs .
s=1

Recall that b(-) is a primitive of y, which is convex since p is strictly increasing. Define:

t—1 2
g Qg e z
L(#) = th 1 [b(<9,xs)) — 77#173 <0,ms>] + 2# 0 — )\CH
s=1 i

which is a strictly convex, coercive function. Its minimum 6, (which therefore exists and is uniquely
defined) checks:

VoL(0,) =0
t—1 o 2
t—1— s -
@;7 S|:'LL(<9Z7£US>)—,)M:| st'f‘AC,u(Z—)\cu)—o
t—1
54 g(92) = Z asTs + 2|
s=1
S 9(0) =2z +2=2.
which proves surjectivity. |

Appendix D. Useful lemmas

The following Lemma is a version of the Elliptical Potential Lemma for weighted sums, similar to
Proposition 4 of Russac et al. (2019).

Lemma 6 Let {:}2°, a sequence in R? such that ||zs||, < L for all s € N*, and let \ be a
non-negative scalar. Fort > 1 define Vi := Z';;ll i =5 2T 4 Mg, The following inequality
holds:

S det V

Y [l 1 < 2max(1,L2/X) <dTlog(1/7) +log <Af+l>) _
t

t=1
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Proof For all t > 1, by definition:

t
Vi1 = Z’Yt_sfﬂsﬂﬂsT + Ala
s=1
t—1

=7 Z 'yt_l_sazsxz + xtaz;r + Mg
s=1

t—1
= (Z e A1d> (y<1)

s=1
= (Vt + ZUtl’;r)
= vV (Id + Vt_l/zxtxtTVt_l/z) ,
which after some easy manipulations yields:
dlog(1/v) + logdet Vi1 — log det V¢ > log (1 + thH%’El) .

After summing from ¢ = 1 to ¢t = T" and telescoping we obtain:

det'V
dT log(1/7) + log <e)\T+1> Zlog (1 + thHV )

1
> 1 1 v 9 . ‘
= ; og ( + max(1’L2/>\) thHVt 1>

Finally, noticing that mnxt"%gl < 1 and using the fact that for all x € (0, 1] we have
log(1 + ) > x/2 we obtain:

det Vip d
1
dT log(1/~) +log< X + > > 2 x| 1 NEDY Z ]xtH%.;l ,

which in turn yields:

S det V
Yl 1 < 2max(1, L?/A) <dTlog(1/7) 1 log <)\dT+1>) 7
t
t=1

which is the announced result. [ |

We also remind here the determinant-trace inequality for the weighted design matrix which can
be extracted from Proposition 2 of Russac et al. (2019).
Lemma7 Let {25}, a sequence in R? such that ||zs||, < L for all s € N*, and let \ be a
non-negative scalar. Fort > 1 define V¢ := Zi 11'y =5yl + M. The following inequality
holds:

21 _ A\ d
det(Vis1) < <A+M) .
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Appendix E. BVD-GLM-UCB algorithm
E.1. High-level ideas

In this part of the appendix, we denote +* as follows:

. . 1/ Br,\*"*
7 _1_2<de5> ' (19)

Remark 3 ~* as defined in Equation (19) has a different expression than the discount factor proposed
in Theorem 1. This slight modification is to ensure that v* is larger than 1/2 and simplifies the finite
time analysis of the regret. Yet, it has no consequence on the asymptotic bound.

Br 4 being unknown, we cannot compute the optimal discount factor that depends on the
parameter drift. The general idea is to use a set of different values for the discount factor (respectively
the B, values) called H, covering the [1/2,1) space (respectively the [0,2ST") space). Then,
we divide the time horizon T into different blocks of length H. Every H steps, we create a new
instance of BVD-GLM—-UCB with a « that is chosen by a master algorithm: the EXP3 algorithm from
Auer et al. (2002). At the end of each block, this master algorithm receives the cumulative rewards
from the instantiated worker and updates its probability distribution over the set 7{. The objective
of the master algorithm is to learn the most suitable value of y so as to maximise the cumulative
rewards in accordance with the dynamics of the environment. On the other side, the different workers
algorithms act exactly as if the BVD-GLM-UCB algorithm was launched on a H-steps experiment.
This setting is similar to the one presented in Cheung et al. (2019a) (respectively Zhao et al. (2020))
with discount factors instead of sliding windows (respectively restart parameters). This framework is
called Bandit-over-Bandit (BOB) precisely because of this two-stage structure between the master
and the workers algorithms.

E.2. Algorithm

The coverage H with the different discount factors is defined in the following way:

2i—1

1
2 23T (28)2/3 1)

2
with N = [3 log, (25T3/2)-‘ +1and p; =

The main algorithm is an instance of the EXP3 algorithm from Auer et al. (2002) where the different
arms correspond to the different discount factors. Following EXP3 analysis (Auer et al., 2002), the
probability of drawing y; for the block 7 is

Vi

vj S; o ,
V=1 - 4 — =1,2,....N 22
pz ( Oé) Z] S;YJ + N’ \V/] )~y 9 ) ( )
where « is defined as
. Nlog(N)
a=min{ 1,/ ——————~—— 23)
{ (e — D)[T/H] }
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and szj is initialised at 1 and is updated at the end of each block when selected with

min{iH, T}
- i < a - (i— 1H+1Tt+1)

;11 = 8; exp szj 5 1] (24)
Note that in Equation (24), r+y1 is the noisy reward obtained when the action x is selected with the
BVD—-GLM-UCB algorithm with parameter ;. Equation (22), (23) and (24) are the same as in Auer
et al. (2002) except for the rescaling of the cumulative rewards on a block that is required to ensure

that they lie in [0, 1]. Details on this rescaling part can be found in Proposition 4.

Algorithm 3 BOB-BVD-GLM-UCB(detailed)
Input. Length H, time horizon T, regularization A, confidence ¢, inverse link function y, constants
S,L and 0.
Initialization. Create the covering space H as defined in Eq. (20), set s]* = 1, Vv; € H.
fori=1,...,[T/H] do
7;j ~ p; , the probability vector defined in Eq. (22).
Start a BVD-GLM-UCB subroutine with parameter -,
fort=(i—1)H+1,..., min{iH,T} do
Receive the action set ;.
Select z4(7y;) € A} with BVD-GLM-UCB.
Observe reward 744 1.
end for
Update s;-yil according to Equation (24).
Update s, | = s, Vv # ;.
end for

Remark 4 We denote x(7y) the action chosen with the BVD-GLM-UCB algorithm with a discount
factor .

E.3. Regret guarantees

In this section, we give an upper-bound for the expected dynamic regret of BOB-BVD-GLM-UCB.
By construction, it is natural to decompose the regret into two sources of errors. First the master
error committed by the EXP3 algorithm by not choosing the best possible discount factor. Second
the worker error inherent to the BVD-GLM-UCB algorithm. Note that there are two independent
sources of randomness: the stochasticity of the rewards (whose expectation is denoted [E ) and the
randomness of the EXP3 algorithm (denoted Egxp3). Bringing things together,
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T
E[Rr] = Ey [z u(lat, 01)) — EEXPS[M}

t=1
T [T/H] min{iH,T}
=En [ D w00 = D> > pl(@(3).60)
t=1 i= 1Vt i—1)H+1 25)
worker

[T/H] min{iH,T}

N D ul(@(),6L) — Erxes [ri41]

=1 t=(i—1)H+1

TV
master

The next step consists in upper-bounding the worker error and the master error from Eq. (25)
respectively.

Lemma 8 With pavement H defined in Equation (20) for any unknown Bt , > 0, setting k =
|2 1ogy(BrsT"?)] + 1 yields
Vo1 S Yk

Proof With assumption 1, we have By, < 2S5T. Using this, k (as defined in the statement of the
lemma) is smaller than /N. We have,

2
k-1<3 logy(BrTY?) < k

LN A o (/P N S
2d2/37(28)2/3 = 2 \dT2S T 2d23T(28)2/3

Adding one for the different terms gives the result. |

For the rest of the section, we set 7 = 7, with k defined in Lemma 8. We denote B; , =
i H—1 1
i1y 10 — 0412 and

. 22
B = VAS + 0\/2 log(T") + dlog (1 + )\‘1(1—7*2)> . (26)

Proposition 3 The worker error can be upper-bounded in the following way:

T T 212
< 4 * Ak - -
worker < 20’H + C1RM5H\/ﬁ\/2T(1 %) + q log (1 + A1 — 7*)>
1 _|_ 3C3R,u BT,* IOg(T)
T T

with C1, Cy, C3 constant terms from Theorem 1 and [33; defined in Equation (26).

+ 2C9R

Proof First, note that our objective here is to bound the expected regret whereas Theorem 1 bounds the
pseudo-regret and gives a high probability upper-bound. We denote Ei = {0, € £} (6;) for t s.t (i —
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1)H + 1 <t < min{iH, T'}}. This event holds with probability higher than 1 — . When E} does
not hold, the maximum regret could theoretically be suffered for all time instants.

As explained in the algorithm mechanism, a new instance of BVD-GLM-UCB will be launched
every H steps with a discount factor selected by the EXP3 algorithm. Restarting a new algorithm
and forgetting previous information comes at a cost in terms of regret. This is made explicit in the
following decomposition of worker.

[[T/H] min{iH,T}
worker =By | > Y p((al,60) — p((ze(7), 64))
| =1 t=(i-1)H+1
[[T/H] min{iH,T}
—Ev | > > (el 60) — alm (@), 0 (N i} | P (N )

| =1 t=(i—1)H+1

e
workery

[T/H| min{iH, T}

N aat,00) = ), o) [N R | B (102 B

=1 t=>i—1)H+1

workers

Thanks to Lemma 1, Eg holds with probability higher than 1-6. By setting § = 1/7", we have

P (V")) < [T/HTT . 27)

Under the event {U(T/ H (E%)°} not much can be said. The maximum regret rmax = 20 can be
suffered at every time step. Therefore, using the upper-bound from Eq. (27), we obtain

[T/H] min{iH,T} [T/H) ; i [T/H] (i
workers =Ex | > Y allal, 04) — u((aeu(3),00) (U1 ()} | B (VT (D))
=1 t=(i—1)H+1
< Tmax [T/H~| :

This term is related to the number of restarts of the algorithm. In the BOB framework, whatever
the worker algorithm (sliding window, restart factor) a cost of order 7'/ H will be paid due to the
restarting of the worker at the beginning of each block.

On the contrary, under the event {H[T/ H E%}, using the assumption that the blocks are in-
dependent, we can follow the line of proof from Lemma 3 and Theorem 1 for every block. We
introduce,

_ L2(1 — 43"
Br = VAS + U\/2log(T) + dlog (1 + )\d(l—’yg)) ) (28)
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[[T/H] min{iH,T} S— i S
worker; =Ex | 3 30 pl(al,00) = wl((w(3), 00) [N} | P (A2 )
| =1 t=(i—1)H+1 i
[[T/H] min{iH,T} S 1
<Eyv | > > (el 04) - u((w(), 00) {0 Z{ T 5}
| =1 t=(i—1)H+1 _
[T/H] L2 ?D
< H,|/Hlog(1/7)+1 1+ ——— H B; D
Z (C’lﬁH\/d \/ og(1l/7) + og( +d/\(1—?)>+021—? + C3Bi « >
< C1ppVdT(|Tlo (1/A)+£lo 1—1—1172 +C aD T+CB D
s C1PH /T T 08 A1 —7) 27 % 3bT L),
where the second inequality is a consequence of Theorem 1. We set,
3/2log(T)
=—— (29)
log(1/7)
Hence,
3 C3Br 4 log(T)
Br,D < c—————=—
B = 5 low(1/3)
3Cs By, log(T) i (Using log(z) > log(2)(z — 1) for z € [1,2])
< 510g() 271085 g log(z) > log ,
< 303 BT7* log(T) (,\ S 1)
2log(2) 11—
3C3 Br,log(T) iy
: Definition of H
T log(2) 11— ( )
Br, log(T
< 3Cs_Br. log(T) (Lemmas8) .
log(2) 1—~*
We also have,
<D
¥ 1 1 .
Cy T \/» 1% (Equation (29))
2
<20 Definition of H
Q\fl = Vht1 ( )
1
< 202\/>1 — (Lemma 8) .

Finally, using z +— log(x) < z — 1 for x > 1 and Lemma 8, one has:

T
Tlog(1/7) + =1 1+ ———
os(1/3) + 108 (14 1 —=

1-7

~

2
<T

)

e (1e
H %8

T
— log

<9T(1 —~*
< 27( 7)+H
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Following similar steps, we can upper-bound 5z from Equation (28) by
B < B -

Brmgmg things together, we have shown that under the event {ﬂ[T/ H] &} all the terms depending on
~ can be replaced by terms depending only on v* at the cost of multiplicative constant independent
of T'. Finally, one has

T . T 212
worker < 20E + C1Ru.BEV dT\/QT(l -7+ T log (1 + dA(l—'y*))

1 - 3C3R,, Br . log(T)
T g T

+ 2C9R

The above proposition bounds the regret incurred if the same discount factor 7 is used for each
block. To successfully upper bound BVD-GLM-UCB’s regret, we need to upper bound the second
part master which is the error due to the use of the EXP3 algorithm. This part can be controlled
thanks to the analysis proposed in Auer et al. (2002). Yet, two issues need to be overcome. (1) The
rewards received at the end of a block does not lie in [0, 1] which is required to use the result from
Auer et al. (2002). (2) We are in a stochastic environment with noisy rewards.

In the next proposition, we upper-bound the term of interest and explain how to deal with the two
issues. The big picture is the following: using the assumption on the bounded rewards we can obtain
an upper-bound for the maximum reward on a single block.

Proposition 4 The regret due to the master algorithm can be bounded in the following way,

[T/H] min{iH,T}

N YD > ml(@4(9),600) — Bexes [rep1] | < 4oHVe - 1\/anrd(H) log(card(1))

=1 t=(1—1)H+1

Proof We denote ; the discount factor chosen by the EXP3 algorithm in the ¢-th block. The regret
due to the use of the EXP3 main algorithm can be written as follows:

[T/H] min{iH,T} [T/H| min{iH, T}
master = By Z Z p({z:(7),0L)) — Egxps Z Z Ti41
=1 t=(i—1)H+1 =1 t=>i—1)H+1
min{iH,T} min{iH,T}
Weintoduce Qi(1) = 3 rea(u) = 5 p((we(15),68) + et using Equa-
t=(i—1)H+1 t=(i—1)H+1

tion (9). This quantity corresponds to the reward obtained on the ¢-th block when using BVD-GLM-UCB
with the discount factor ;. We also use Q; = max,cy Qi(7).

Contrarily to existing works in the linear setting (e.g (Cheung et al., 2019b, Lemma3)) our
assumption on the bounded rewards is sufficient to solve both problems. We have, |Q;| < 20 H
almost surely using r; < 20 for all time instants.

LetUd = {Vt <T,0 < ry <20}. Thanks to assumption 2, we have P({/) = 1.
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One has,
[[7/H] [T/H] [T/H] [T/H]
master < Ey ; Qi(%)_lynea?i{ ; Qi(7)+gg>[< ; Qi(7) — Egxes ; Qi(vi)
Ty [[T/H) 17
<En max ; Qi(7) — Egxes ; Qi)
. [T/H] :(T/H1 1
< By |max ; Qi(7) — Eexes ; Qi(v)| | U| PU).
We introduce
Vi) = 90,

For all y in H, Y;(v) lies in [0, 1]. Therefore,

[T/H] [T/H]
master < 20 HEy |max Yi(y) — Bexes | > Yi(w) ‘ U

=
R i=1 i=1

The last step consists in using (Auer et al., 2002, Corollary 3.2). We have,
[T/H] Vi) < T
max ; —.
YEH P A= H

All the conditions of Corollary 3.2 in Auer et al. (2002) are met and we obtain:

master < 4o H+/e — 1\/anrd(7-[) log(card(H)) .

The two parts of regret in Equation (25) are bounded in Proposition 3 and Proposition 4 respec-

tively. Combining them, we get our main result below:

Theorem 2 Under Assumptions 1-2, the regret of BOB~BVD~GLM~-UCB when setting H = |dv/T |

satisfies:

~ 1/3
E[Ry] = O (R“dQ/?’TQ/?’ max (BTV*,d_l/QTl/‘*) / ) .

Remark 5 This theorem establishes an upper-bound for the expected regret in the Generalized
Linear Bandits framework when the variational budget is unknown. When B , is sufficiently large
(Bt > d=1/2T1/4) the obtained bound can not be improved. Yet, there is still a gap with the lower
bound when the variation budget is small. This can be explained by the frequent restarts in the BOB

framework.
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Proof Using Proposition 4 and Proposition 3, we obtain:

T T 212
E < 20— VAT 2T (1 — %) + —1 1+ ——
(Rr) <20+ CLR BV \/ =7+ gplog (14 5 )
2 1 3C3R,, Br . log(T) \/T
— : 4do0H+/ e — 14/ —card 1 d
BT Tog@)  1—n +40H+e 7 (H)log(card(H))
First note that card(#{) = NN defined in Equation (21) scales as log(7") and j7; scales as
\/dlog(T). By plugging H = |d\/T| in the upper-bound we obtain:

% = O(d~'?VT) .

+ O9R

T 212 ~ TBY} T
* * - - — - 7

BH\/CTT\/QT(1 “Y) g los (1 Y 7*)) O\ T, [max | Gomars gz

— J2/372/3 max(B;/f, d71/6T1/12)

)

— d2/3T2/3(maX(BT*’d71/2T1/4))1/3 ]

1 1 o T1/6
VT1—* 2/3B2?

Br . —0 (dQ/SB;{sz/?’) '

T ~
H\/Hcard(H) log(card(H)) = O (d1/2T3/4> .
To conclude we notice that when By, < d~/2T"/4,

JL/23/4 — d2/3T2/3(max(BT,*, d~1/21/4))1/3

On the contrary, when Br, > d~1/2T"/4,
d1/2T3/4 S d2/3T2/3<maX(BT*7d_1/2T1/4))1/3 )

Finally, keeping the highest order term yields the announced result.
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Appendix F. Experimental set-up

This section is dedicated at providing useful details about the illustrative experiments presented
in Section 5. The logistic setting at hand is characterized by the constants S = L = 1. At each
round, the environment randomly draws 10 news arms, presented to the agent. All algorithms use the
same /s regularization parameter A = 1. The sequence 6% evolves as follows: we let 81 = (0, 1) for
t € [1,T/3]. Between t = T'//3 and t = 2T'/3 we smoothly rotate % from (0, 1) to (1,0). Finally
we let 0 = (0, 1) for t € [27/3,T). Easy computations show that the total variation budget is

. (3
Br = (2T/3) sin <4T> ~1.5.

We used:

B\ 23

recommended by the asymptotic analysis for D-LinUCB and BVD-GLM-UCB. We solve the projec-
tion step of GLM-UCB and BVD-GLM-UCB by (constrained) gradient-based methods, thanks to the
SLSQP solver of scipy.

Remark In our experiments, we did not report performances of the algorithms from Russac et al.
(2020a) (which use a similar projection step as in Filippi et al. (2010)). Because such algorithms are
based on discrete switches of the reward signal, their behavior in this slowly-varying environment is
largely sub-optimal. Indeed, in our experiment the number of abrupt-changes is I'r = 1000. For
exponentially weighted algorithms, the recommended asymptotic value for the weights becomes
v =~ 0.70, which in turns leads to algorithms that over-estimate the non-stationary nature of the
problem, and perform poorly in practice.
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